Module-1 Simple Stresses and Strain

When a member (beams, columns, shafts) is loaded, resisting forces are developed inside the material
of the member. (Explanation: External force acting on the cross-section of a member develops pressure
on the member. A resisting internal pressure (i.e. opposing to the external pressure) is developed in the
material of the member. This resisting force per unit area is termed as STRESS.

Stress at a point is defined as, “The internally resisting force developed per unit area”. Stress is
represented by the symbol (SIGMA) .

Mathematically stress,

il

F F
o=~ 4
Where, F = internal resisting force in Newton, N. C:}
A = Cross-sectional area in mm?, Y ‘ ¥
Unit of stress: Stress is expressed in N/m?2. T_ ' : _T , R=F ,
Note: 1 bar = 10° Pa (Pressure is measured in bars and | i f
Pa stands for Pascal). X e | %
1Pa = 1N/m?, ¥
1MPa = IN/mm?, i _ {
Fig. 1.1 F

1GPa = 1GN/m? = 1x10° N/mm?.

Simple stress: A member subjected to only one type of stress (tensile stress or compressive stress or
shear stress) is said to be under simple stress condition. The stresses are assumed to be uniform over the
cross-section.

Normal Stress: Internally developed axial load per unit area

acting normal (perpendicular) to the cross-section is called
normal stress Fll—t— - ——— - ——F
Normal stress under which the member elongates, such a Fig. 1.2
stress is called normal tensile stress (Fig. 1.2).

_ F—-l - - —t=—F
Normal stress under which the member compresses, such a

stress is called normal compressive stress (Fig. 1.3).

F o
Shear Stress: Internally developed force per unit area acting E/ %7772—-?

parallel to the cross-section is called shearing stress (Fig.
1.4). It is represented by the symbol (Tau) t. Its unit is N/m?,

N
=k o
=

A R=F
. - R =F ug—
Where, F = internal resisting force parallel to the cross sec- -
tion area A, in Newton, N 9‘
A = Cross-sectional area in mm2. Fig. 1.4
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Module-1 Simple Stresses and Strain

Linear Strain: When a member is loaded it de-
velops stress. The stressed member will undergo F<2 — _ __ _ _ _ _F#F |_ J Ib
a change in its linear dimensions (Fig. 1.5). This o - ] —
change in dimension per unit is called strain. *
Strain is represented by the symbol € (epsilon).
Strain does not have a unit.
______ A —
Linear strain is defined as the ratio of S [ —————— 2= z — Ib
change in length to original length. b T - e
o = -
Fig. 1.5

Change in length _ (Final length—Initial length) _ AL

Mathematically, Strain, € = —— —
Original length Initial length L

Assumptions made in the study of mechanics of materials:

1) Material obeys Hooke’s Law, i.e. stress is directly proportional to strain within elastic limit.
2) Material is homogeneous, i.e. same properties at all points in the material.

3) Material is isotropic, i.e. same properties in all directions from a point in the material.

4) No residual stresses.

Hooke’s Law: Stress is directly proportional to strain within elastic limit.

Mathematically, o X ¢

0 =FE¢-m (1.2)
Where, 6 = Stress in N/mm?
€ = Strain
E = Young’s modulus or modulus of elasticity in N/mm?.

Stress-strain diagram for mild steel (ductile material)

A mild steel specimen as per technical standards (as shown in Fig. 1.6) is tested in a universal
testing machine by applying tensile force. From the experimental details a graph is plotted called the
stress-strain diagram (Fig. 1.7).

F Fig. 1.6
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Module-1 Simple Stresses and Strain

Stress

OA= Proportionality limit

OB =k lastic limit

B = Elastic strezss or yield stress

C = Upper yield point

D = Lower yield point

DE=L uder's band ( strain hardening)
E = Ultimate strezss (Necking)

G = Breaking or fracture point

mee Strain

(0

—-4—‘.—{.-

Elastic Région Plastic Region

1 L1

Fig. 1.7

1) OA (proportionality limit) = Linear straight line. Stress is proportional to strain.

2) A (proportionality limit) = Stress is directly proportional to strain till this point.

3) B (elastic limit) = Material behaves elastically i.e. when load is removed material regains its
original shape. The stress at this point is called elastic stress. This point is the start of plasticity.

4) C (upper yield point) = Yielding stress beyond which load reduces but elongation increases.

Note: When material enters plastic region, the changes in dimension become permanent. Even
if the load is removed material will not regain its original shape. This is yielding.

5) DE (lower yield point) = At this point elongation takes place at constant load. Luder’s band are
formed which show stretch marks on the material surface. Strain hardening takes place and
material becomes stronger.

6) F (ultimate load point) = this is the maximum load the material can withstand without breaking.
Necking takes place at this point. The stress at this point is called ultimate stress.

Note: Necking is reduction of diameter (i.e. area of cross section) of specimen.

7) G (fracture point) = the material breaks because of rapid cross-sectional area reduction. A cup

and cone formation results in the fractured specimen.

Note:

1) Ductility is a property of material by which it can be drawn in thin wires.
(Final length—Initial length) X100 = (Lf-L) X100

Percentage elongation = —
Initial length L

Initial area—Final area (A-Af)
(nitiel a7 ) x100 = 440
Initial length A

X100

Percentage reduction in area =
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Module-1 Simple Stresses and Strain

Stress-strain diagram for aluminium and high strength steel

Stress In materials like aluminium and high
B strength steel the yielding is very less
:’ie‘d P R c and not well-defined (i.e. start of plas-
Stress ;} ' tic phase is not clear). The material
AYX 7 yield stress is calculated as 0.2% strain
;’ OA= Proportionality limit (Fig. 1.8). This stress is called as
J B = Ultimate stress proof stress.
7 C = Breaking or fracture point )
/ If a member is unloaded at proof stress
/ there will be a permanent strain on
/ 0
0= me= Strain 0.2%.
—-0.2% Fig. 1.8

Stress-strain diagram for brittle material

z

Tangent modulus —, a Brittle materials when subjected to tensile force
\ / undergo very less elongation. The plastic phase
‘ Dl is less for brittle materials. There is no yielding
and no necking. Hence at ultimate load brittle
/ .
s=—Secant modulus materials break.
Stressﬁ ‘ ' The modulus of elasticity in brittle materials is
Slope = (dy) / (dx) determined by (Fig. 1.9)
y (F19 )
Tangent Modulus=a/b @) Tangent modulus: The slope of line tangent
to the curve at any point.
: ; = d a
Secant Modulus = c/d Tangent modulus = d_i’ =2
0 = - b) Secant modulus: The slope of line joining
Strain —m= - .
the origin to any point on the curve.
dy ¢

Secant m. Fj —_—= =
" Fig. 1.9 dx _ d
Nominal stress and True stress
The stress calculated by considering original cross-sectional area is called nominal stress

Load
Original cross — section area

Nominal stress =

The stress calculated by considering instantaneous (actual) cross-sectional area is called true stress,

Load
Actual cross — section area

True stress =

True stress-true strain diagram

True stress and true strain diagram is plotted by considering the actual cross-sectional area of the spec-
imen at an instant corresponding to the applied load. Thus in the plastic region this curve deviates from
the engineering stress-strain curve as shown in Fig. 1.10.

Prof. Imran Mokashi
Bearys Institute of Technology, Mangalore



Module-1 Simple Stresses and Strain

Both the curves are same till the elastic limit. Since stresses in a material must be within elastic limit,
stress calculation is done by considering original cross-section area. This makes calculations simple.

f

/
Stress i
l Pl = “~—True stress-strain
Engineering stress-strain
I
I I
| |
: : Fig. 1.10
I I
| I
0 L _'|- Strain
Elastic Région Plastic Region

Factor of safety

The material must be loaded within elastic limit to keep it safe and prevent plastic deformation.
If the load on the material slightly increases beyond the elastic limit, then yielding starts. Thus the stress
in working conditions must be less than the maximum stress that can be taken by the material.

Factor of safety for brittle material is defined as, “The ratio of ultimate stress to working stress”.

Ultimate stress
Factor of safety (FOS) =

Working stress

Factor of safety for ductile material is defined as, “The ratio of yield stress to working stress”.

Yield stress
Factor of safety (FOS) =

Working stress
Derivations:

1) Elongation in a bar of uniform cross-section

[ -— [ d

[

Consider a bar of uniform cross-section subjected to an axial tensile force, “F”.
Let, L =length of the bar

d = diameter of the bar

E = Young’s modulus of elasticity (material constant)
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Module-1 Simple Stresses and Strain

According to Hooke’s law, CaE.
c=E¢e
F —F AL
A L
Therefore elongation or change in length,
AL = E » Eqg.1.2
AE

Where, A = area of cross section in mm2.
. . Vs 2
For circular cross-section, A = ” d

For rectangular cross-section, A = width X thickness = b X t.

2) Elongation in a tapered bar of rectangular cross-section
Question: A bar of uniform thickness ‘t’ tapers uniformly from a width of by at one end to b at
other end in a length ‘L’. Find the expression for the change in length of the bar when subjected
to an axial force F.

Solution:

Consider an element of length ‘dx’ at a distance ‘x’ from the bigger end. Let the element width
be ‘b’.

a) Slope of the tapered bar,
(by —by) _ (bs =)

2L 2x
(by — by)x
b= by ==
b, — b
~b=b,—kx wherek =¥

b) The element is so small in length that the width ‘b’ is considered to be uniform.
Elongation of the element (considering uniform bar of width ‘b’),

F dx _ Integrating within
AL, = AE ~ limitsOto L
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Module-1 Simple Stresses and Strain

L L L L

j‘F j‘ F j‘ 1 dx = F j‘ 1 d
AE tE) b TES (b — k)™

0 0 0 0

Note: Formula

{jﬁdx = élog(ax + b) } (where,a = (—k)andb = b,)

. F 1 F L (by = by) "
~ AL = tE( k) log[(—kx) + b,]5 = T (——(b1 — bz)) log K——L x) + blL

Solving,

AL = F(
T tE\=(by — by)

'AL—F L log{b logb
- —t—E(m>{0g{ 2} —log by}

) Qog(l=by + b, + b1} — loghy)

F L
“AL = (m) {log{b1} —log b, }
FL b
~ AL = » Eq.1.3

1
tE(by — by) o83, b,

3) Elongation in a tapered bar of circular cross-section
Question: A tapering rod has diameter d; at one end and it tapers uniformly to a diameter d- at
the other end in a length L. If the modulus of elasticity of the material is E, find the change in
length when subjected to an axial force F.
Solution:

S @)
F 5 /i d =7 F d 2

]

X dx

L

Consider an element of length ‘dx’ at a distance ‘x’ from the bigger end. The diameter of the

element be‘d’.
a) Slope of the tapered rod
(dy—dy) (dy—d)
2L 2x
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Module-1 Simple Stresses and Strain

(dy —dy)x

d:dl_ L

d, —d
~d=d; —kx where, k = (1L—2)

b) The element is so small in length that the diameter‘d’ is considered to be uniform.
Elongation of the element (considering rod of uniform diameter‘d”),

F dx _Integrating within
AL, = AE " limitsOto L
L L
jF j Fdx j _ j 1
AE ndZ)E dx = (dy — kx)2
0 0 T
L
: AL—4F (d; —kx)"%d
o = - 1 X X
0
Note: Formula
f( +b)nd L (ax + b)nh (where,a = (=k),b = d, andn = —2)
ax x—a ) where,a = ,b = dyandn =

WY AR (G, d1><'2+1>r 4 [ ot d D¢ 1>]
nE \—k (-2+1) (dl — dz) (-1) .
L
PR S S, TR TR
nE \(dy — d5) ( ( - dZ) )+d1 0 nE\(dy —dy)/\d, d;
“ AL = L > Eq 14
nEd.,d,

Law of Superposition: “The total effect of a set of loads is same as the sum of the effects of individual
loads”.

The net load acting on a portion of the —» A —» B -—
member is equal of sum of forces act- Fl '
ing either on Left Hand Side or Right

Hand Side of the member. Tensile ,

force is taken positive and compressive A e [R—— B l—
force negative. F1 F2 F3 i F1 PR F3
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Module-1 Simple Stresses and Strain

The net force on member A, LHS = RHS
(-F1) = (F2—F)

Therefore, Fa=  (-F) =(F2-F3)
Similarly, Fo= (-F1-F2) = (-F3).
Problems:

I.  Type one based on stress-strain diagram data

1) A surveyor’s steel tape 30m long has a cross-section of 15mm x 0.75mm. With this, line AB is
measured as 150m. If the force applied during measurement is 100N more than the force applied
at the time of calibration, what is the actual length of the line? Take modulus of elasticity for
steel as 200kN/mm?,
Data Given:
L =30m =30 X 10° mm
b Xt=15mm X 0.75mm
AB = 150m = 150 X 10°mm
F=100N
E =200 kN/mm?
Solution:

a) Total elongation of pipe

a FL
- AE

L 100 x 30 x 103
15 % 0.75 x 200 x 103

AL = 1.333mm|

b) Actual length measured using tape,

L, =L+ AL =(30x103) + 1.333 =30001.333 mm
c) Actual length of line i.e. (AB)1

Tape length Length of line AB
30 X 10°mm 150 X 10° mm
30001.333 mm ?

~30001.333 x 150 x 103

(AB), = TR = 150006.665mm

(AB); = 150.006665m
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Module-1 Simple Stresses and Strain

2) The tensile test was conducted on a mild steel bar. The following data was obtained from the
test. Diameter of steel bar =16mm, load at proportional limit =72kN, load at failure = 80kN,
diameter of the rod at failure =12mm, gauge length =80mm, extension at a load of 60kN
=0.115mm, final length =104mm. Determine: (i) Young’s modulus (ii) Proportionality limit
stress (iii) True breaking stress (iv) % elongation in length (v) % reduction in area. (June/July
2018, Dec2014 /Jan 2015)

Data Given:
D =16 mm
F=72kN =72 X 10°N
Fr = 80kN =80 X 10° N
Df=12 mm
L: =80 mm
AL at 60kN =0.115 mm
L, =104 mm
Solution:

a) Young’s modulus

By Hooke’s Law, c=Eeg

F, , (60 x 103) 3
o, ) e
&

kN
wE=—= = = = 207.593

AL AL 0.115 2

/1 /L /80 i

b) Proportionality limit stress
_F_72><103_358098 N
T A" (7‘[162) - ' mm?
4

c) True breaking stress

FFF 80 x 103
=1 = = =707.355

A mD? T X 122 mm?
yi) 4

d) % elongation

L,—L, 104 — 80
X = | — = 0,
( I ) 100 ( 30 ) x 100 = 30%

Of

e) % reduction in area

nD? _mDf

y D* — D} 16* — 122
— x 100 = —5 x 100 = —e x 100 = 43.75%

4

3) Tension test was conducted on a specimen and the following readings recorded.
Diameter = 22mm
Gauge length of extensometer = 200mm
Least count of extensometer = 0.001mm
At a load of 22kN, extensometer reading = 60
At a load of 36kN, extensometer reading = 94

Prof. Imran Mokashi
Bearys Institute of Technology, Mangalore
10



Module-1 Simple Stresses and Strain

Yield load = 95kN

Maximum Load = 157kN

Diameter at neck = 15mm

Final length over 110mm original length = 132mm

Find young’s modulus, yield stress, ultimate stress, % elongation and % reduction in area.
Data Given:

D1 =22 mm
Le =200 mm
L.C =0.001 mm

At 22kN, Lg1 =60

At 36kN, Lgz =94

Fy=95kN =95 X 103 N

Fmax = 157kN =157 X 103 N

D2=Df=15mm

L: =110 mm

Lo =Lf=132 mm

Solution: “Each division of extensometer is equal to, Least Count = 0.001mm. Le1 = 60
and Le2 = 94 are the number of divisions reading for loads 22kN and 36kN respectively.
Since two readings are given a average value of extensometer readings and average of
corresponding loads will be considered for calculation”.

a) Young’s modulus

By Hooke’s Law, c=Eeg¢

(22 + 36)
Load,F = — = 29kN and

. 60 + 94
Extensometer reading, AL = (T) XLC=77%x0.001

(29 x 103) i
s Fl, /(”242>

kN
NN AL/, = 770000, 198.15 2
L 200
b) Yield stress
_1~"y_95><103_249 o1 N
YT (n222) - T mm?2
7}

c) Ultimate stress

_ Fpax 157 x10°
Out =74 T T m202
(%)

N
=413.013——
mm

d) % elongation

(LZ _ Ll) 100 (132 _ 110) 100 = 20%
X =|— ] X =
L, 110 0
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Module-1 Simple Stresses and Strain

e) % reduction in area

nD? 7wD;

44 )v100= Df — D3 % 100 = 22° —15° x 100 = 53.5%
D2 D? 222
=

Il.  Type two stepped bar (bars arranged in series i.e. coaxial)
Procedure:
a) The bar is divided into separate parts or sections based on diameter, material and forces
acting at sections (as shown in figure below).

P | 1 | { 2 ) . 3 ) —=P

Part 1 Part 2 ik Part 3
b) Netdeformation (i.e. elongation) in the bar is equal to sum of individual part deformation.

AL = ALy + AL, + AL; + -+ AL,

'AL—(FL) +<FL> +<FL> > +<FL)
CTY T \AE/),  \4E/),  \AE/, AE/,

c) Force on an individual part (portion or step) of bar is calculated using superposition prin-

ciple. —
@L.H.S) Moy ot (R.H.S)

Consider a part 1of the stepped bar, (Tensile forces are taken as positive and compressive
forces are taken as negative)

Force on part 1, F1 = Summation of forces on the L.H.S of part 1 = Summation of forces
on the R.H.S of part 1.

o F1=PLHs=PRrHs

d) The force value of each part of the bar calculated as shown in step (c) is substituted in
step (a) to calculate the net elongation.
e) Using force values from step (c), calculate the stresses in each portion.

4) The bar shown in figure is tested in universal testing machine. It is observed that at a load of
40kN the total extension of the bar is 0.285mm. Determine the young’s modulus of the material.

OO RO

= d1=25mm d2=20mm d1=25mm |—mP

160 mm 240 mm 160 mm

Prof. Imran Mokashi
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Module-1 Simple Stresses and Strain

Data given: (Note: The stepped bar has three distinguished parts. Hence the subscripts 1,
2 and 3 are used)

P =40kN =40 X 10° N

AL = 0.285 mm

D1 =25 mm

D2 =20 mm

D3 =25 mm

L: =160 mm

L, =240 mm

L3 =160 mm

Solution:

a) Net deformation (i.e. elongation) in the bar

AL = AL, + AL, + AL,

'AL—(FL) +(FL) +(FL) _ F,Lq N F,L, N Fs;L,
V'Y AE AE); —\ (mD?\ 2 2
e\ )\

Fy x 160 F, x 240 F5 x 160
7252 t\ 202 7252
7 ) B —7 ) E 7 )Es
Since the bar is made of same material, E1 =E>=E3s=E

0.325 Fl) n <0.76 F2> N <0.325 F3
E E E

~ 0.285 =

» 0.285 = ( ) ————— (1)

b) Force in each part of the bar (Applying superposition principle on each part)

p Ny \__P Forces on L.H.S = Forces on R.H.S
(1) (L.H.S) (\\l_/ ‘ ‘ (R.H.S) ~P=P
‘ Hence, F1 =P
P -] (/ 2 ) | et Forces on L.H.S = Forces on R.H.S
(2) L.H.S) L RILS) ~P=P
Hence, F2 =P
P Forces on L.H.S = Forces on R.H.S
(3) Ry | 8 3 =P P=P
L.HS) L | RILS) Hence, Fs = P
~Fi=F2=F3=P----- (2)

c) Substituting equation (2) in equation (1)

. 0.285 = (0.325 X P) 4 (0.76 X P) N (0.325 X P)
o B E E E

Prof. Imran Mokashi
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Module-1 Simple Stresses and Strain

(0.325 X 40 x 10%) + (0.76 X 40 x 10%) + (0.325 X 40 x 10%) _ 56400

~ 0.285 = I 5
kN
~ E=197.894 x 103 = 197.894 F————— 3)
mm
5) A Dbrass bar having uniform
cross-section area of 300mm? is @ @ @
subjected to a load as shown in i | W T ] 31\1\
figure. Find the total elongation 3 2
of bar and the magnitude of load . . y N
‘P’ if young’s modulus is " s00mm 1400 mm " 000mm

84GPa.

Data given: (Since the bar is made of same material i.e. brass)

E1=E, = E3 = E = 84GPa = 84x10° MPa = 84x103 N/mm?

A1 = Az = Az = A = 300mm? (Since bar is of uniform cross-sectional area)
~.D1=D2=D3=D

L: =500 mm

L2 =1400 mm

L3 =1000 mm

Solution:

a) Net deformation (i.e. elongation) in the bar

AL = AL, + AL, + AL,

© AL o (FL) N (FL) N (FL)
T T \AE/);  \AE/, \AE/,
F; x 500 ) ( F, x 1400 ) ( F; x 1000 )

300 x 84 x 103) T \300 x 84 x 105/ 1 \300 x 84 x 103
AL = (1.984 x 1075 X F;) + (5.555 X 107° X F,) + (3.968 x 107> X F3) — —(1)

AL:<

b) Force in each part of the bar (Applying superposition principle on each part)

/""\\ Forces on L.H.S = Forces on R.H.S
) P = [ 1 ) —P .. P =280-20-10
(L.HS) Mo (R.H.S) Hence, F1 =P =50 kN - - -(2a)
(Magnitude of force, P =50 kN)
g Forces on L.H.S = Forces on R.H.S
P ] (3 \} | ep .. P-80 =-20-10
(2) (L.H.S) L (R.ILS) ..50-80 = -20-10
- (-30) = (-30)

Hence, F2 =-30 kN - - -(2b)
Forces on L.H.S = Forces on R.H.S

P . P-80+20 = (-10)
(3) E— [ 3 ) i -.50-80+20 = (-10)
(L.H.S) Ml RILS) - (-10) = (-10)

Hence, F3 =-10 kN - - -(2¢)

Prof. Imran Mokashi
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Module-1 Simple Stresses and Strain

c) Substituting equation (2a), (2b) and (2c) in equation (1)
o~ AL = (1.984 x 107° x 50 x 103) + (5.555 x 1075 x (—=30) x 103)
+(3.968 x 1075 x (—10) x 103)

~ AL =0.992 —1.6665 — 0.3968 = —1.0713 mm — — — (3)
(NOTE: Negative sign indicates reduction in the total length)

A round bar with stepped portion is sub-

. . 1 400 mm?2 200 mm?2
jected to the forces as shown in figure. . -
Determine the magnitude of force P, ,,, | Aluminium | _  Steel | Steel | s
such that net deformation in the bar does L P P

not exceed 1mm. E for steel is 200GPa \_ﬁ\

and aluminium is 70GPa. Big end diam- . 600mm 700 mm 500 mm
eter and small end diameter of the taper- A N L Y
ing bar are 40mm and 12.5mm respec- i 1} | 2 ‘ {\ 3 /}
tively. Nl s Saol
Data given:

AL < 1mm

E1 = Es = 200 GPa = 200x10% N/mm?
E> = Ea = 70 GPa = 70x10% N/mm?
D; =40 mm

D2 =125 mm

A = 400mm?

Az = 200mm?

L1 =600 mm

L2 =700 mm

L3 =500 mm

Solution:

a) Net deformation (i.e. elongation) in the bar

AL = AL, + AL, + AL,

L—( 4FL > +<FL) +<FL>
~ \nED,D,/, \AE/, \AE/;
1_( 4 X F; X 600 )+( F, x 700 )+< F; x 500 )
~ \mrx 70 x 103 x 40 x 12.5/; ~ \400 x 200 x 103/, = \200 x 200 x 103/;

21=(2182x 1075 x F,) + (0.875 X 1075 X F,) + (1.25 X 1075 x F3) — — — (1)

b) Force in each part of the bar (Applying superposition principle on each part)

Forces on L.H.S = Forces on R.H.S
. 4P = 2P-P+3P
~A4P = 4P
Hence, F1 = 4P - - -(2a)

Pl Forces on L.H.S = Forces on R.H.S

Pe— | 2 ) =P - 4P-2P = -P+3P
(2) L1.S) L RILS) 9P =2p

Hence, F2 = 2P - - -(2b)

1)

Prof. Imran Mokashi
Bearys Institute of Technology, Mangalore
15



Module-1 Simple Stresses and Strain

Forces on L.H.S = Forces on R.H.S

3) o (@ ) e - 4P-2P+P = 3P

(L.H.S) Mo (R.IS) ~.3P =3P
Hence, F3 = 3P - - -(2¢)

c) Substituting equation (2a), (2b) and (2c) in equation (1)
~1=(2.182x107° x 4P) + (0.875 X 107> x 2P) + (1.25 x 10~ x 3P)
~1=14228x10"°xP
~P=17.028x%x10%-——(3)

Prof. Imran Mokashi
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